Abstract. The general relativistic description of galaxy clustering provides a complete and unified treatment of all the effects in galaxy clustering such as the redshift-space distortion, gravitational lensing, Sachs-Wolfe effects, and their relativistic effects. In particular, the relativistic description resolves the gauge issues in the standard Newtonian description of galaxy clustering by providing the gauge-invariant expression for the observed galaxy number density. The relativistic effect in galaxy clustering is significant on large scales, in which dark energy models or alternative theories of modified gravity deviate from general relativity. In this paper, we review the relativistic effect in galaxy clustering by providing a pedagogical derivation of the relativistic formula and by computing the observed galaxy two-point statistics. The relativistic description of galaxy clustering is an essential tool for testing general relativity and probing the early Universe on large scales in the era of precision cosmology.
Introduction
To understand the nature of dark energy and to probe the early Universe, a large number of galaxy surveys are operational and even a larger number of surveys are planned for a near future. These current and future galaxy surveys will deliver high precision measurements of galaxy clustering, providing enormous statistical power to solve the issues in the standard model of cosmology. However, high precision measurements in the upcoming galaxy surveys simultaneously bring in new challenges, setting the level of accuracy that theoretical predictions are obliged to meet. Given these strict requirements, two critical questions naturally arise in regard to improving theoretical predictions in galaxy clustering. 1) Various effects contribute to galaxy clustering, such as the redshift-space distortion, the gravitational lensing, and so on. What is the exhaustive list of all the contributions to galaxy clustering? We need a complete description of all the effects in galaxy clustering to control systematics in theoretical modeling. 2) On large scales, perturbations such as the matter density fluctuation are gauge-dependent, as there is no unique choice of hypersurface of simultaneity throughout the entire Universe. The standard description of galaxy clustering is ill-posed to address this issue, i.e., which gauge condition needs to be chosen to describe the observed galaxy clustering and why?
These questions can be tackled, as we note that the standard description of galaxy clustering is Newtonian, in which the speed of light is infinite and the gravity is felt instantaneously across the Universe. The light we measure in galaxy surveys, of course, propagates at the finite speed through the Universe and is affected by the inhomogeneity and the curvature of the Universe. Therefore, we need proper general relativistic treatments to relate the observables we measure from the light to the physical quantities of source galaxies and the inhomogeneities that affect the photon propagation. This goal can be readily achieved by tracing back the photon path given the observed redshift and the angular position of the source galaxies, and the full relativistic formula of galaxy clustering is constructed from the observable quantities, providing the relation to the inhomogeneities and the source galaxy population [1, 2] . In this way, the relativistic description of galaxy clustering naturally answers the two key questions, since observable quantities are gauge-invariant and receive all the contributions without any theoretical prejudice. The relativistic formula is independently developed [3] [4] [5] , and many interesting applications are investigated (e.g., [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] ).
Regarding the detectability of the relativistic effect in galaxy clustering, it was shown [1] that the relativistic effect can be measured in the angular power spectrum and the systematic errors are larger than the cosmic variance on large scales. Furthermore, using the multi-tracer technique [20] to eliminate the cosmic variance limit on large scales, it was shown [14, 16] that the galaxy power spectrum can be used to measure the relativistic effect with great significance in upcoming surveys and can be utilized to discriminate alternative theories of modified gravity against general relativity on large scales. The relativistic effect in galaxy clustering becomes dominant on large scales, in which modified gravity or dark energy models deviate from general relativity and the information about the inflationary epoch remains intact. Therefore, it is crucial to have a proper relativistic description to avoid misinterpretation of large-scale measurements.
The purpose of this work is to provide a pedagogical derivation of the relativistic description of galaxy clustering. We begin by providing the relation of the photon path to the observed redshift and the angular position of source galaxies (section 2). Using the observable quantities, we construct galaxy clustering observables (section 3) and compute galaxy two-point statistics (section 4). We conclude with a discussion of further applications (section 5). Throughout the paper, we use the Latin indices for the spacetime component and the Greek indices for the spatial component, and we set the speed of light c ≡ 1. Symbols used in this paper are summarized in Table 1 .
Observed Angular Position and Redshift of Sources

Metric Perturbations and Gauge Transformation
The background Friedmann-Lemaître-Robertson-Walker (FLRW) universe is described by a spatially homogeneous and isotropic
where τ is the conformal time, a(τ ) is the expansion scale factor, andḡ αβ is the 3-spatial metric tensor with a constant spatial curvature K. The real universe is inhomogeneous, and small deviations from the background metric are represented by δg 00 ≡ −2 a 2 A ≡ −2 a 2 α , δg 0α ≡ −a 2 B α ≡ −a 2 (β ,α + B α ) , (2.2) δg αβ ≡ 2 a 2 C αβ ≡ 2 a 2 ϕḡ αβ + γ ,α|β + 1 2
where the vertical bar is the covariant derivative with respect to spatial metricḡ αβ . Perturbations are further decomposed into scalar (α, β, ϕ, γ), vector (B α , C α ) and tensors (C αβ ), which are readily distinguishable by their spatial indicies. The fluid quantities are described by the energy-momentum tensor
where ρ is the energy density, p is the isotropic pressure, q a is the energy flux, and π ab is the anisotropic pressure. These fluid quantities are measured by the the observer moving with timelike four velocity (u a u a = −1)
where we decomposed the four velocity into scalar (U ) and vector (U α ). We also define a scalar velocity v ≡ U + β.
The general covariance is a symmetry in relativistic theory, and any coordinate system can be used to describe the physical system, providing ample degree of freedom at hand. However, in a cosmological framework, a coordinate transformation accompanies a change in the correspondence of the inhomogeneous universe to the fictitious background universe, known as the gauge transformation. Therefore, it is important to check that theory under consideration is gauge-invariant. For the most general coordinate transformatioñ
the scalar quantities transform as
and the vector metric perturbations transform as
where the prime is the derivative with respect to the conformal time and the conformal Hubble parameter is H = a ′ /a = aH. Since tensor harmonics are independent of tensors that can be constructed from coordinate transformations, tensor-type perturbations (C αβ , π αβ ) remain unchanged under the gauge transformation in Eq. (2.5). Similarly, the gauge-transformation properties of the fluid quantities can be derived, and in particular the matter density fluctuation δ = δρ m /ρ m transforms as δ = δ + 3HT .
Based on the above gauge transformation properties, we can construct linear-order gauge-invariant quantities. The scalar gauge-invariant variables are
where χ = a (β + γ ′ ) is the scalar shear of the normal observer (n α = 0) and it is spatially invariant, transforming asχ = χ − aT . The notation for scalar gauge-invariant variables is set up, such that δ v , for example, corresponds to the matter density fluctuation δ in the comoving gauge (v = 0) and v χ corresponds to the scalar velocity v in the zero-shear gauge (χ = 0). Similarly, v δ = δ v /3H = v +δ/3H would corresponds to the scalar velocity v in the uniform density gauge (δ = 0), and many other gauge-invariant variables can be constructed in this way the gauge correspondence is explicit [21] .
The vector gauge-invariant variables are
s , Ψ, and v c in Bardeen's notation [22] . For future use, we define a gauge-invariant velocity quantity, 10) which encompasses the scalar and vector gauge-invariant variables. Any physical quantities or observable quantities should be gauge-invariant, i.e., the choice of gauge condition for the perturbation should be explicit. One can achieve this goal by choosing a gauge condition, before any calculations are performed. However, all the quantities in this case become automatically gauge-invariant, depriving the way to verify if the quantities of interest are genuinely gauge-invariant. With fully general metric representation, the verification is explicit in the calculations [2] .
Observables in the Observer Rest Frame
Galaxy positions in a redshift survey are identified by measuring photons from the sources by the observer in the rest frame. The photon propagation direction is set orthogonal to the hypersurface defined by constant phase ϑ = k · x − ωt. In the observer rest frame, the components of the photon wavevector can be written as 11) where the local metric is Minkowsky η ab , the angular frequency is ω = 2πν, and the amplitude of a photon wavevector is |k| = ω = 2π/λ (λν = 1). The subscript L is used to emphasize that the components are written in the observer rest frame, or the local Lorentz frame. The observed angular position of the source galaxy is then determined by a unit directional vectorn = (θ, φ) for photon propagation in the observer rest frame, 12) and the photon frequency measured by the observer is
where u a L = (1, 0, 0, 0) in the observer rest frame. The observed redshift of the source galaxy is then determined by the ratio of the observed photon wavelength λ L = 1/ν to the wavelength λ s we would measure in the rest frame of the source galaxy
where we omitted the subscript "obs" for the observed redshift z. 1 A prominent Lyα line λ s = 121.6 nm, for example, is often used to measure the redshift of source galaxies. In this way, the observed angular position and the redshift of the source are expressed in terms of physical quantities.
In order to compute the photon wavevector in a FRW coordinate (as opposed to the local Lorentz frame), we first construct an orthonormal basis. 15) where the tetrad index can be raised or lowered by η ab , while the FRW index is raised or lowered by g ab . The photon wavevector in a FRW coordinate can be derived by transforming Eq. (2.11) in the local Lorentz frame as 16) where n i is the i-th spatial component of the unit directional vectorn in a local Lorentz frame, other perturbation quantities are those in a FRW frame, and the repeated indices indicate the summation over the spatial components. It is noted that the photon wavevectors in Eqs. (2.11) and (2.16) are different, and the components in a FRW frame are affected by the observer velocity and the gravitational potential. Naturally, a unit directional vector −k α /|k α | in a FRW frame cannot be used to describe the observed angular positionn in the observer rest frame. However, the photon frequency measured by the observer is a Lorentz scalar, i.e., same in both frames
Likewise, the observed redshift in Eq. (2.14) is a Lorentz scalar. 1 We always use z to refer to the observed redshift.
Photon Wavevector and Conformal Transformation
We parametrize the photon path x a (v) with an affine parameter v, and its propagation direction is then k a (v) = dx a /dv in Eq. (2.16), subject to the null condition k a k a = 0 and the geodesic equation k a ;b k b = 0. Since null geodesic is conformally invariant, we further simplify the photon propagation equations by using a conformal transformation g ab → a 2ĝ ab . The null geodesic x a (v) described by the conformally transformed wavevectork a remains unaffected under the conformal transformation, while its affine parameter is transformed to another affine parameter λ (see, e.g., [23] ) 18) where the proportionality constant C represents additional degree of freedom from the conformal transformation. The conformally transformed photon wavevectork a = Ca 2 k a can be explicitly written ask
It proves convenient to choose the normalization constant 2πCaν ≡ 1 at the observer position x a (λ o ), and this normalization condition implies that the conformally transformed wavevector can be written ask 20) where the observed angle n α measured in the observer rest frame is constant. The product 2πCνa is unity at the observer position to all orders in perturbation, and unity everywhere in a homogeneous universe. However, in an inhomogeneous universe it varies along the photon path as fictitious observers measure ν in Eq. (2.17) and the scale factor a changes at each point.
For the coordinate transformation in Eq. (2.5), these perturbations to the wavevector transform as
and we can define two gauge-invariant variables for these perturbations
where we used the background photon path
The pure gauge term will be absent in observable quantities below.
Gauge-Invariant Geodesic Equation
Having established the gauge-transformation properties of the photon wavevector, we now derive the photon geodesic equation. First, the null condition of the photon wavevector is 0 =k 23) and the background relation is trivially satisfied by the construction of the unit directional vector n α . In terms of the gauge-invariant variables, the null condition implies
Similarly for the geodesic equation (k b k a ;b = 0), the background relation is trivially removed, and it yields the propagation equation for the perturbation (δν, δn α ). The temporal and spatial components of the geodesic equation are 0 =k
where we have defined δΓ 0 and δΓ α using the Christoffel symbolΓ a bc based on the conformally transformed metricĝ ab as
Rearranging in terms of the gauge-invariant variables, we derive the gauge-invariant geodesic equations for temporal component 28) and for spatial component
Fictitious gauge freedoms in δν and δn α are completely removed, and Eqs. (2.24), (2.28), and (2.29) are manifestly gauge-invariant.
Observed Source Position and Redshift
The source galaxy position on the sky is identified by the observed angle (θ, φ) in Eq. (2.12) and the observed redshift z in Eq. (2.14). Based on these observables, the observers infer the source position by using the distance-redshift relation in a homogeneous universe, i.e., 30) where the source position is expressed in a rectangular coordinate, the comoving distance to the source isr
and a bar is used to indicate that these quantities are computed at the background level. Given a set of cosmological parameters, these quantities are fully determined, and there are no gauge ambiguities associated with coordinate transformations. However, the real position x a s of the source galaxy is different from the inferred source position x a s , as the universe is inhomogeneous, affecting the photon propagation, and the components of x a s themselves are gauge-dependent. To represent the source position with respect to the inferred source position, we define the coordinate distortions (∆τ, δr, δθ, δφ) by expressing the real source galaxy position as
32) and it is noted that these coordinate distortions are also gauge-dependent, as we show below. The coordinate distortions can be computed by tracing the photon path backward from the observer and solving for x a s . First, we consider the source galaxy positionx a s in a homogeneous universe by integrating the photon wavevector in Eq. (2.20) over the affine parameter λ as 33) and without loss of generality we setx α (λ o ) =x 34) but in terms of the redshift parameter 1 +z(τ ) ≡ 1/a(τ ) (or coordinate time τ ) of the source position in the background (note that the observed redshift is z). Since it depends on the coordinate time of the source position, the redshift parameter transforms z =z − HT under the coordinate transformation in Eq. (2.5), and so does the affine parameter 35) where the integration over the affine parameter represents that the integrand is evaluated along the photon path x a λ . The coordinate distortions are useful quantities for characterizing the source galaxy position x a s , as the observer uses the inferred source positionx a s based on the observable quantities. In the same way, it is convenient to define the affine parameter λ z , satisfying Eq. (2.34) in terms of the observed redshift z, instead of a redshift parameterz. The affine parameter at the source position x a s is parametrized as 36) and the (conformal) time coordinate of the source galaxy position can be rephrased as
where the subscript z indicates that quantities are evaluated at the observed redshift (or the affine parameter λ z ). Since the observed redshift is related toτ z as
substituting Eq. (2.37) yields that the distortion ∆τ in time coordinate is related to the distortion δz in the observed redshift
Finally, we evaluate the photon frequency along the photon path x a λ by using Eqs. (2.13) and (2.17)
40) and the distortion in the observed redshift is
wherer z is the comoving line-of-sight distance to the source, V = V α n α is the line-of-sight velocity, and τ (λ o ) =τ o + δτ o . We also used Eq. (2.28) for integration. Spurious spatial gauge freedom in δz is removed and its temporal gauge dependence δz = δz + HT leaves the observed redshift z explicitly gauge-invariant. We define a gauge-invariant variable for the lapse in the observed redshift as δz χ = δz + Hχ .
2 At a given affine parameter λ, the position x a λ along the photon path can be split into the mean and the perturbation: x a λ =x a λ + δx a λ , wherex a λ represents the position in a homogeneous universe at the same λ and δx a λ represents the residual perturbation in x a λ . So it is noted that τs =τs + δτs =τz + ∆τ .
Relativistic Description of Galaxy Clustering
Geometric Distortions in Photon Path
Now we derive the geometric distortions (δr, δθ, δφ) in Eq. (2.32). Since we clarified the relation between the photon wavevector and the observable quantities, the photon wavevector can be integrated over the affine parameter to obtain the source galaxy position and express it in terms of the observable quantities. The integration over the affine parameter can be subsequently converted into the integration over the mean photon path dr = −dλ in Eq. (2.34), as we are interested in the linear order effect. Therefore, noting that the affine parameter describing the source galaxy position is λ s = λ z + ∆λ s , we first integrate the geodesic equation in Eq. (2.25) to relate the perturbations to the photon wavevector with metric perturbations as
and then integrate the photon wavevector to obtain the source position
where quantities (δν o , δn α o ) at the observer position. Constructing two unit directional vectors based on the observed anglê
the geometric distortions of the source galaxy position can be explicitly computed in terms of metric perturbations as
where we used Eq. (2.24) for manipulating δr. The azimuthal distortionr z sin θδφ is similar tor z δθ. It is apparent that these geometric distortions are gauge-dependent quantities. Physically, the radial and angular distortions arise due to the metric perturbations along the photon path and the identification of the source at the observed redshift.
Lensing Magnification and Luminosity Distance
Here we derive two quantities associated with angular distortions of the source galaxy position on the sky. The first quantity, known as the gravitational lensing convergence κ, describes the change in the solid angle as part of the distortion in the physical volume. As such, the convergence itself is not directly associated with observable quantities. The second quantity D L (z) describes the luminosity distance of a standard candle with known luminosity in the rest frame at the observed redshift. Naturally, the luminosity distance is an observable quantity, and its perturbation δD L is related to the gravitational lensing convergence κ. We first compute the gravitational lensing convergence κ. In galaxy clustering, we only need the change in the solid angle between the observed (θ, φ) and the (unobserved) source (θ + δθ, φ + δφ), and the ratio of the solid angles is the Jacobian of the angular transformation or the determinant of the deformation matrix:
7) where we computed the Jacobian only to the linear order in perturbation. At this order, the distortion in the solid angle is completely described by the isotropic expansion in angle (gravitational lensing convergence), and the angular shear and rotation come at higher order in perturbations.
Using Eq (3.6), the gravitational lensing convergence can be derived as 8) where∇ is the angular gradient operator. The gravitational lensing convergence is gauge-dependent, as it is expressed in relation of the observed angular positions to the unobservable source position. Next, we compute the fluctuation δD L in the luminosity distance. The observed flux f obs of a source galaxy at the observed redshift z is used to infer its luminosityL = 4πD 2 L (z)f obs , where the luminosity distance in a homogeneous universe isD L (z) = (1 + z)r z . However, the physical luminosity L phy ≡ 4πD 2 L (z)f obs of the source is different from the inferred luminosity, as the source galaxy is not at the inferred distance and the photon propagation is affected by fluctuations along the path. We define the dimensionless fluctuation in the luminosity distance D L (z) =D L (z)(1+δD L ). As expressed in terms of observable quantities, the fluctuation δD L is an gauge-invariant observable quantity, as we prove below.
Since the luminosity distance is related to the angular diameter distance
2 , the fluctuation in the angular diameter distance is identical to the fluctuation in the luminosity distance. Thus, we compute the fluctuation in the angular diameter distance by using the geometric distortions we already computed. In the source rest frame, consider a unit area dA phy that is perpendicular to the observed photon vector N a parallelly transported along the photon path to the source position. This unit area would appear subtended by a solid angle dΩ = sin θdθdφ measured by the observer, and it is related to the angular diameter distance as [5] 
where √ −g ≡ a 4 (1+δg) is the metric determinant, ε abcd is a Levi-Civita symbol, the source position is x a s in Eq. (3.3) , and the observed photon vector N a = k a /(k b u b ) + u a in a FRW frame. The covariant expression in Eq. (3.9) represents a simple mapping of the solid angle in the observer rest frame to the physical area in the source rest frame defined by the four velocity of the source and perpendicular to the photon wavevector.
Removing the mean angular diameter distanceD A =r z /(1 + z), we simplify Eq. (3.9) to obtain the relation for
Expanding the equation to the linear order in perturbation, the fluctuation in the luminosity distance is derived as
where we defined two-gauge invariant variables
by removing the gauge-dependent terms in Eqs. (3.5) and (3.8), respectively. Written in terms of gauge-invariant variables, we explicitly verify that the fluctuation δD L is a gauge-invariant observable, and Eq. (3.11) recovers the expressions for the luminosity distance computed in the conformal Newtonian gauge [24] and in the synchronous gauge [5] . The observed flux is affected, not only by the change κ in the observed solid angle, but also affected by the change in the radial direction set by the observed redshift.
Physical Volume Occupied by Sources in 4D Spacetime
Extending the previous calculation of a unit area in the source rest frame, we now compute the physical 3D volume occupied by the source galaxy at x a s in 4D spacetime that appears to the observer within the small interval dz of the observed redshift and the observed solid angle dΩ [1, 2, 25]:
where the dimensionless volume fluctuation δV is defined with respect to the volume dV obs inferred by the observer. Expanding the covariant expression to the linear order in perturbation, we derive
This equation is manifestly gauge-invariant, providing the linear-order relativistic effect in the volume distortion. In Eq. (3.13), the physical volume is mapped by using the three independent variables that are the observable quantities (z, θ, φ) in the observer rest frame. Therefore, the derivative terms in Eq. (3.13) (and hence in Eq. [3.14] ) are the partial derivatives with the other observed quantities held fixed. For example, the derivative with respect to the observed redshift represents the change in response to the variation in the observed redshift, which is the line-of-sight derivative along the past light cone. To the linear order in perturbation, it is the background photon path, involving not only the spatial derivative, but also the time derivative. As the inferred volume is dV obs , the volume distortion δV in the physical volume dV phy is expected to have contributions from each component in dV obs . Notably, the contribution 3 δz from the comoving factor (1 + z) 3 in dV obs , the contribution 2 δr/r z arises fromr
Observed Galaxy Number Density and Galaxy Clustering
Given the observed redshift and angle in observation, the volume element dV obs is used to infer the volume occupied by the source galaxies on the sky, and the observed number density is obtained by counting the number of galaxies within the observed redshift and solid angle:
where n g is the physical number density of source galaxies. It is evident that the volume distortion δV in Eq. (3.14) always contributes to the observed galaxy number density, and its contribution is collectively described as the volume effect [26, 27] . In general, the physical number density n g of source galaxies can be written in terms of the mean and the intrinsic fluctuation as [28] . However, in the relativistic context, this linear bias relation is ambiguous, as the choice of gauge condition for δ m is unspecified. A physically meaningful choice of t p is the proper-time hypersurface, described by the comoving-synchronous gauge in a presureless medium: . It is noted that the matter fluctuation in the comoving-synchronous gauge represents one in the proper-time hypersurface only when the universe is dominated by a presureless medium, and it becomes more subtle beyond the linear order [29] . Galaxy formation is a local process, and its dynamics is affected by the long wavelength modes through the change in the local clock that can be measured without any knowledge beyond the local area [7] . This biasing scheme is consistent with other recent study [3-5, 7, 8, 14 ] (see footnote 3 for the different biasing scheme used in [1, 2] ). The other contributions to galaxy clustering, the source effect [27] , are associated with the physical quantities of the source galaxies, but expressed in terms of observable quantities such as the observed redshift and flux. The mean galaxy number density is represented in the proper time hypersurface, or the rest frame of galaxies, which is different from the observed redshift. So when the observed number density is expressed at the observed redshift, the physical number density is 18) where the coefficient e is the evolution bias and the distortion in the observed redshift is evaluated at the proper time t p . Note that a galaxy sample with constant comoving number density would have e = 3. Additional contribution arises when we characterize the galaxy sample by using its inferred luminosity as threshold. As discussed in Sec. 3.2, the inferred luminosity is different from the physical luminosity, and its contribution is
where the coefficient t describes the slope of the luminosity function. If the differential luminosity function dn g (L) ∝ L −s is well approximated by a constant slope s, we have t = 2(s − 1). It is often the case that the cumulative luminosity function slope p = d log 10ng (M )/dM is expressed in terms of magnitude M = constant − 2.5 log 10 (L/L 0 ), and we have p = 0.4(s − 1) and t = 5p. The observed galaxy number density is physically well-defined and is expressed in terms of the observed redshift, angle, and the number of galaxies. Collecting all the contributions to the observed galaxy number density, we can relate it to various perturbation contributions as
Depending on how the galaxy sample is defined in terms of other observable quantities, additional terms from the source effect may be present in Eq. (3.20) . While all the perturbation contributions can be computed, we have no means to compute the mean number densityn g (z) of the observed galaxy sample, defined in Eq. (3.16). In observation, the observed mean number density is obtained by averaging the number density over the survey area,
which can introduce additional fluctuations in the estimate of the mean galaxy number densityn g (z), since perturbations of wavelength larger than the survey size will be absorbed in the observed mean n g . The observed galaxy fluctuation is then obtained by using the observed mean number density as
Assuming no residual fluctuation in the mean number density, i.e., n g (z) =n g (z), the galaxy fluctuation can be written as
This equation is the main result and contains all the linear-order relativistic effects that come into play in galaxy clustering. Contributions to galaxy clustering are physically split into the source and the volume effects, and they arise as the photon propagation is affected by subtle relativistic effects between the source and observer positions. It is apparent in Eq. (3.23) that the observed galaxy fluctuation receives contributions not only from scalar perturbations, but also from vector and tensor perturbations.
Cosmological Probes: Observed Galaxy Two-Point Statistics
Here we derive the galaxy two-point statistics, measurable in galaxy surveys. By definition, the galaxy fluctuation δ , therefore, provides crucial ways to probe cosmology in galaxy surveys. If the underlying distribution is Gaussian, the two-point statistics (the power spectrum or the correlation function) contains the complete information about the distribution, and in practice the Universe is, to a good approximation, Gaussian on large scales, where the relativistic effect is significant. Higherorder statistics such as the galaxy bispectrum describes the deviation from the Gaussianity, providing crucial clues about the initial condition at very early time. However, it requires the second-order relativistic calculation [30] [31] [32] [33] , and here we focus on the linear-order relativistic effect in galaxy clustering and the derivation of the observed galaxy two-point statistics. Due to the restriction in length, we refer the reader to papers cited in this section for plots of two-point statistics and their physical explanation.
Linearized Einstein Equations and Computation of the Observed Galaxy Fluctuation δ obs g
Being constructed solely from observable quantities, the observed galaxy fluctuation δ obs g is gaugeinvariant, as verified in Eq. (3.23). Therefore, it can be evaluated with any choice of gauge conditions. Here we provide a simple way to compute the observed galaxy fluctuation, assuming general relativity. 4 The computation of galaxy two-point statistics will follow in the subsequent sections. For simplicity, we assume that there are no vector or tensor modes at the initial condition and ignore their contributions to δ obs g from now on. In a flat universe with presureless medium (CDM and baryons on large scales; p = π ab = 0 in Eq. [2.3] ), the Einstein equations can be arranged in terms of gauge-invariant variables (e.g., [21, 22, 34] ) as
and the conservation equations yields
where we defined two additional scalar gauge-invariant variables, two curvature perturbations in the comoving gauge (v = 0),
′ /a, the conservation equation for momentum implies α v = 0, i.e., for a flat universe with presureless medium, the comoving gauge (v = 0) is identical to the synchronous gauge (α = 0), and from the Einstein equation the comoving-gauge curvature perturbation is conserved ϕ ′ v = 0 [35, 36] . Furthermore, in this circumstance, there exists "Newtonian correspondence" that relates the fully relativistic quantities to the Newtonian quantities. In a flat universe with presureless medium, the Newtonian matter density δ m is identical to the comoving gauge matter density δ v , and the Newtonian velocity v N and potential φ N are identical to the conformal Newtonian gauge quantities v χ and ϕ χ [35, 37] . Therefore, we adopt a simple notation δ m ≡ δ v , v N ≡ v χ , and φ N ≡ ϕ χ = −α χ , but note that it is fully relativistic and no Newtonian approximation is made. The Einstein and the conservation equations can be written in terms of these quantities:
where the logarithmic growth rate is f = d ln δ m /d ln a (we used d/dτ = Hd/d ln a), µ k is the cosine angle between the line-of-sight direction and the wavevector µ k = k ·n/k, and the equations are in Fourier space. As the observed galaxy fluctuation in Eq. (3.23) is composed of many perturbation variables, we first express those perturbation components in terms of δ m , v N , and φ N [14, 17] 
where we have ignored quantities at the observer position that can be absorbed to the observed mean number density n g [1, 2] . Furthermore, since the observed galaxies are only those along the past light cone of photons, the partial derivative with respect to the observed redshift in Eqs. (3.23) and (4.4) is
(4.5)
4 Indeed, δ obs g in Eq. (3.23) is derived without using Einstein equations, i.e., the general relativistic description of galaxy clustering is formulated in a general metric representation, and the only assumption was that the photons follow the geodesic, such that it is not restricted to Einstein's gravity, but applicable to other alternative theories of modified gravity (see, e.g., [16] ).
The reason for the notation is because we keep the other observable quantities (θ, φ) fixed. However, it involves not only the spatial derivative, but also the time derivative, as it is literally the variation of the observed redshift.
To facilitate the computation, we define the transfer functions T Υ (k, z) that relate the amplitude of a perturbation variable Υ(k, z) of Fourier mode k at z with the initial conditions at very early time. In the linear regime, all the perturbations at each wave mode grow only in amplitude, without changing its phase set by the initial conditions. This deterministic growth of perturbation variables is captured by the transfer function, and the phase information in the initial condition is characterized by the curvature perturbation R(k) in the comoving gauge during the inflationary period.
5 For example, the transfer functions for the matter density fluctuation δ m and the gravitational potential φ N at z are
where we defined a conversion functionŴ Υ that relates the transfer function T Υ for a perturbation variable Υ to the transfer function T m for the matter density fluctuation (henceŴ m = 1). Other conversion functions arê
(4.7) Transfer functions of other perturbation variables such as δz χ , δr χ , and so on can be computed in terms of the conversion functionsŴ Υ in Eq. (4.7) by using the relations in Eq. (4.4).
The power spectrum of these perturbation variables Υ i (k, z) can be computed as
where the primordial curvature power spectrum is characterized by the scalar amplitude A s and the spectral index n s at a pivot scale k 0
Since the observed galaxy fluctuation in Eq. (3.23) is a linear combination of many perturbation variables (some of which are also linear combinations or involve the line-of-sight integration of other perturbation variables), it proves convenient to write the observed galaxy fluctuation as 10) wherer s is the comoving distance to the source galaxy (i.e.,r s =r z ), x =rn, and the index-i runs for all the components in Eq. (3.23). Ξ i is the Dirac delta function if the perturbation variable Υ i is a local function such as φ N , v N , and so on, while Ξ i is unity if it involves the line-of-sight integration such as K.
Galaxy Angular Power Spectrum C l
While galaxy redshift surveys have information on the radial position of galaxies (based on the observed redshift), two-dimensional angular statistics may be used to probe cosmology, for example, when the radial information is less reliable due to photometric redshift measurements. By counting the number of galaxies dN obs g (n) within the observed solid angle dΩ, the observed angular galaxy number density n obs g,2D (n) and its fluctuation δ 11) where N tot g is the total number of observed galaxies within the survey area Ω in angle. The angular fluctuation of the observed galaxy number density is then decomposed in terms of spherical harmonics as 12) and the angular power spectrum C l is the ensemble average of the decomposed angular coefficients. The angular fluctuation and the angular power spectrum are constructed purely based on the observable quantities: the observed anglen and the number of galaxies dN obs g (n). In order to compare to the observation, we need to compute the theoretical predictions for δ obs g,2D (n) and C l . Since the observed angular galaxy number density n obs g,2D (n) is just the volume average of the three-dimensional galaxy number density n 3D g (z,n) in Eq. (3.15): 
where we defined the normalized redshift distribution P z (z) of the galaxy sample. 6 It is also noted that the dimensions are different for the angular and the three-dimensional galaxy number densities. Therefore, using the decomposition of δ obs g (x s ) in Eq. (4.10), the observed galaxy angular power spectrum can be computed as
where we defined the angular multipole function 16) and used the partial wave expansion
Accounting for the relativistic effect in galaxy clustering, the angular power spectrum was computed (see [1, 3, 4, 8, 15] for plots and detailed explanation). Since the angular power spectrum is a projected quantity, the line-of-sight velocity contribution is suppressed in δ obs g , while the gravitational lensing contribution accumulates if the source distribution is located at higher redshift. The gravitational potential contribution is small, but is dominant over other contributions on large scales. Therefore, the relativistic effect is important on scales l ∼ k/r ∼ H/r, but the cosmic variance accordingly grows larger. The calculation can be readily extended to the angular cross-power spectrum, in which two different galaxy samples or the same galaxy sample but at two different redshift distributions are correlated. In particular, the relativistic effect in galaxy clustering may be isolated with clever choice of redshift bins (see [3, 38, 39] ), while the detection significance needs to be quantified with realistic covariance matrix, as the radial bins are not independent.
Galaxy Power Spectrum
The initial perturbations generated during the inflation epoch are best characterized by its power spectrum such as the comoving-gauge curvature power spectrum P R (k). Its understanding from the galaxy power spectrum P obs g (k) measurements is one of the main goals in galaxy redshift surveys, in which galaxy positions are mapped with three-dimensional information. There exist a few complications in predicting the observed galaxy power spectrum. Since the power spectrum is inherently non-local, we have to explicitly account for the survey geometry in consideration. Furthermore, the observed galaxy fluctuation δ obs g in Eq. (3.23) receives contributions from the fluctuations along the line-of-sight direction, which are nearly angular quantities and ill-described by the three-dimensional power spectrum. For simplicity, we ignore these complications and proceed to provide a simplified version of the observed galaxy power spectrum that are just function of local terms in Eq. (3.23) .
With this simplification and using the Einstein equation, the observed galaxy fluctuation in Eq. (3.23) can be expressed in terms of its Fourier components as 18) where the two dimensionless coefficients P and R are defined as
and the Newtonian description of the observed galaxy fluctuation in the redshift space is [28] 
Apparent from the spatial dependence of R and P, these two new coefficients in the relativistic description result from the velocity and the gravitational potential contribution to galaxy clustering (see [5, 14] for the time-evolution of P and R). It is noted that these coefficients are derived by assuming general relativity, and their values and time evolution differ in other gravity theories [16] . The Newtonian description δ 21) where the Newtonian galaxy power spectrum is computed under the distant-observer approximation as P
The relativistic galaxy power spectrum was computed (see [2, 5, 7, 12, 14, 16] for plots and detailed explanation). While the Newtonian contribution in Eq. (4.20) falls as k ns on large scales, the gravitational potential P and the velocity R contributions becomes larger on large scales, as their power spectra scale with k ns−4 and k ns−2 , respectively. Naturally, these relativistic effects are dominant on large scales, and hence it is difficult to measure in low-redshift galaxy surveys. However, with multi-tracer technique [20] , the cosmic variance, the dominant source of measurement uncertainties on large scales, can be removed, and these relativistic effect in galaxy clustering can be measured with high significance [14] . Last, the effect of the primordial non-Gaussianity is also a relativistic effect in galaxy clustering and can be readily implemented in the relativistic formula [5, 8, 14] .
The power spectrum analysis is often performed by embedding the observed sphere in a cubic volume and by taking Fourier transformation of δ obs g . This procedure practically assumes the distantobserver approximation, and the equations in this subsection are valid only in the flat-sky limit, which breaks down on large scales [18] . A more careful power spectrum analysis in observation can be performed without the distant-observer approximation, but its application has been so far limited to the Newtonian redshift-space power spectrum [40] . Despite these shortcomings, the power spectrum analysis in this section provides the main relativistic effect in galaxy clustering and its detectability in future surveys [14] .
Spherical Galaxy Power Spectrum
To overcome the shortcoming of the power spectrum analysis, an alternative analysis was developed in the past based on the radial and angular eigenfunctions of the Helmholtz equation [41] [42] [43] , while its application was limited to the Newtonian expression in Eq. Using the spherical Fourier analysis, the observed galaxy number density n obs g can be written in terms of its spherical Fourier mode n lm (k) as
(4.23) Since the mean galaxy number density evolves in time, we define the survey window function N (z) (or the radial selection function) to separate the radial fluctuation from the mean variation as 24) where the overall mean number density in the survey isn g ≡ N tot /V s . As this radial distribution of the mean number density only affects the spherical monopole n 00 (k), the spherical Fourier mode of the observed galaxy fluctuation and its spherical power spectrum can be obtained as
, for example, the spherical power spectrum is then S l (k) = P m (k), where
Generalizing the spherical Fourier analysis to the relativistic description in Eq. (3.23), the spherical Fourier mode of δ 26) and the spherical galaxy power spectrum becomes 27) where the spherical multipole function M l (k ′ , k) is defined as The relativistic spherical galaxy power spectrum was computed (see [17] for details). All the relativistic effects in galaxy clustering are naturally implemented in the spherical Fourier analysis, and the spherical power spectrum S l (k) reduces to the flat-sky power spectrum P (k) on small scales. The great advantage in this approach is the spectral Fourier analysis on a sphere, providing the most natural way to describe the relativistic effect in galaxy clustering on large scales. However, a complication is that the observed data δ obs g (z,n) needs to be processed as a function of cosmological parameters, because it requires the conversion of a distancer to a Fourier mode k, using the observed redshift and angle. 8 The current power spectrum analysis produces the observed galaxy power spectrum based on the fiducial cosmology and neglects its model dependence. However, given the measurement uncertainties in the current surveys, these systematic errors are negligible, as long as the fiducial model is close to the best-fit cosmology from the measurements.
Conclusion and Future Prospects
We have provided a pedagogical derivation of the general relativistic description of galaxy clustering and computed the galaxy two-point statistics. The gauge-invariance of individual equations is explicitly verified to show that the final relativistic formula for galaxy clustering is indeed gauge-invariant. Accounting for the relativistic effect in galaxy clustering, various galaxy two-point statistics are derived with particular attention to the relation between various two-point statistics and the observable quantities.
While the relativistic formula provides the most accurate and complete description of galaxy clustering on large scales, the linear-order calculation in this work is limited to the two-point statistics. However, crucial information about the early Universe is encoded in the deviation from the Gaussianity, i.e., higher-order statistics such as the bispectrum, because any deviation from the standard single field inflationary model or any physics beyond the standard model naturally involves multiple fields, playing significant roles at the early Universe. Given the numerous upcoming surveys, the second-order relativistic description of galaxy clustering [29, 30] (see also [31] [32] [33] ) is an essential tool for probing the subtle relativistic effect in galaxy clustering that may decode the dynamics of the early Universe. 
